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ABSTRACT
In order to investigate the formation rate of binary black holes (BBHs) in stellar
clusters with a mass comparable to open clusters, we performed a series of direct N-
body simulations of open clusters with a mass of 2.5×103 (Model A) and 104M⊙ (Model
B). Since such low-mass clusters would have been more populous than globular clusters
when they were born, low-mass clusters are also candidates as the origin of BBHs
which are the source of the gravitational waves. In model A, most of BBHs merged
within 10Gyr formed via dynamically formed main-sequence binary stars and stable
and unstable mass transfer between them since open clusters collapse within the main-
sequence life-time of massive stars. These binaries, therefore, have little eccentricities.
The fraction of such binaries among all merging BBHs increases as the cluster mass
decrease due to the shorter relaxation time. In our simulations, 4.0×10−5 and 1.7×10−5
BBHs per solar mass merged within 10Gyr for models A and B, respectively. These
values correspond to ∼ 20–50% of the number of mergers per solar mass originated
from globular clusters with a mass of 105–106M⊙ . Thus, the contribution of BBHs
originated from open clusters is not negligible. The estimated mergers rate density in
the local universe is about 0.3 yr−1 Gpc−3 assuming a cluster mass function with a
power of −2.
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1 INTRODUCTION
The first gravitational wave direct detection was presented
by LIGO (Abbott et al. 2016a). After the first detection,
BBH mergers has been observed during the observation pe-
riod (Abbott et al. 2016b, 2017a,b,c). These detections sug-
gest that > 10 solar mass black-holes binaries commonly
exists in the universe.
Two scenarios have been proposed for the origin of
such a tight BBH. One is stable and unstable mass-transfer
between tight stellar binaries (e.g. Kinugawa et al. 2014;
Belczynski et al. 2016), and the other is the dynamical for-
mation due to the three-body encounters in the dense core of
star clusters (Portegies Zwart & McMillan 2000). The sites
of the dynamical formation could also be galactic nuclei
(O’Leary et al. 2009; Antonini & Rasio 2016).
For the dense cluster scenario, globular clusters with a
mass of 105–106M⊙ has mainly been focused on in previous
studies (Portegies Zwart & McMillan 2000; O’Leary et al.
2006; Sadowski et al. 2008; Downing et al. 2010, 2011;
⋆ E-mail:kumamoto@astron.s.u-tokyo.ac.jp
Banerjee et al. 2010; Tanikawa 2013; Bae et al. 2014;
Rodriguez et al. 2015, 2016a; Fujii et al. 2017; Park et al.
2017; Askar et al. 2017; Hong et al. 2018). Since globu-
lar clusters typically has very dense cores (> 104M⊙ pc
−3)
(Heggie & Giersz 2008; Giersz & Heggie 2009) and therefore
can form merging BBHs comparable to the observed merger
rate density.
On the other hand, less massive clusters with a mass
of 103−4M⊙ has not been expected as the origin of BBHs
because only a few massive BHs can form in one cluster.
In addition, the gravitational potential of these clusters are
much shallower than typical globular clusters, and therefore
it seems to be difficult to form tight binaries. Actually, only
a few previous studies have investigated the formation of
BBHs in star clusters with a mass of 104M⊙ (Banerjee 2017,
2018a,b). In these studies, however, a few merging BBHs
formed in one cluster.
The number of star clusters with a mass comparable
to open clusters would have been an order of magnitude
larger than that of globular clusters when they formed. Ob-
servations of young star clusters in the Milky Way and
nearby galaxies suggests that the initial mass distribution
© XXXX The Authors
2 J. Kumamoto et al.
of star clusters has a power of −2 (Portegies Zwart et al.
2010, and references therein). Not only the observation of
nearby young star clusters, but also the observed mass dis-
tributions of globular clusters and tidal disruption scenario
also suggested that the number of smaller clusters increases
following a power of −2 or similar (Fall & Zhang 2001). If
we assume that the number of black holes simply correlated
with the total stellar mass and the cluster mass function fol-
lows m−2, the total number of black holes per solar mass for
103−4M⊙ clusters should be the same as that for 10
5−6M⊙
clusters.
In this paper, we investigate the formation rate of BBHs
in star clusters with a mass range of 103 to 104M⊙ , which
is less massive than previous studies, using direct N-body
simulations. We show a new channel for the formation of
BBHs which is dominant in open clusters.
2 METHODS AND MODELS
2.1 Initial conditions
We simulated two cluster models (A and B) of which the
initial masses (Mcl,ini) are 2.5 × 10
3 and 1.0 × 104M⊙ , respec-
tively. We adopt Plummer profile (Plummer 1911) as the
initial density profile;
ρ(r) =
3M
4πa3
(
1 +
r2
r2p
)−5/2
, (1)
where rp is a radial scale parameter. In Table 1, we summa-
rize the parameters of our models. In this profile, the half
mass radius rhm is given by
rhm = (2
2/3 − 1)−1/2rp . (2)
We adopt the half-mass density, which is the mass
density inside the half mass radius (ρhm = 3M/8πr
3
hm
), as
a parameter. We set the initial half-mass density to be
104M⊙ pc
−3. This value is much larger than those of ob-
served open clusters (Portegies Zwart et al. 2010), but an
order of magnitude smaller than that of typical initial con-
ditions for globular clusters (Heggie & Giersz 2008). Even if
we chose this initial density, the open clusters collapse before
first supernova explosion (3–4Myr) and evolve to the current
density of observed open clusters (Fujii & Portegies Zwart
2016).
Once the mass and half-mass density are given, we can
scale the distribution and calculate the half-mass relaxation
time:
trh = 0.0477
N
(Gρhm)
1/2 log(0.4N)
(3)
∼ 0.711
N
log(0.4N)
(
ρhm
M⊙pc−3
)−0.5
Myr. (4)
The half-mass relaxation time of our initial conditions (trh,ini)
are 9.38 and 31.6Myr for Models A and B, respectively. Star
clusters with an equal-mass stars collapse after 15–20trh,ini
(Spitzer 1987), but the core-collapse time becomes shorter
correlated with the mass ratio between the mean and most
massive star (Gu¨rkan et al. 2004; Fujii & Portegies Zwart
2014). The expected core-collapse time is within 4Myr.
These models, therefore, can reach core collapse before the
first supernova explosion.
The initial mass of each particle is given randomly from
the Kroupa initial mass function (Kroupa 2001). We set the
lower and upper limit of the particle mass to be mmin =
0.08M⊙ and mmax = 150M⊙ , respectively. With this set-up,
the expected average mass of the stellar particles is 〈m〉 =
0.586M⊙ . The initial number of particles in each model was
given by
Nini =
Mcl,ini
〈m〉
. (5)
The resulting number of particles (Nini) is 4266 and 17064 for
models A and B, respectively. We did not assume primordial
binaries. The dependence of the primordial binary fraction
to the number of ejected BBHs is, however, given by an
equation in Hong et al. (2018). It is possible to estimate the
case with primordial binaries using this equation.
We performed 360 and 90 runs for Model A and B with
different random seeds. The total cluster mass of all runs is
9.0 × 105M⊙ for both models.
2.2 N-body simulations
We use NBODY6++GPU (Wang et al. 2015), which is an MPI-
parallelized and GPU enabled version of NBODY6 (Aarseth
1999). The stellar orbits are integrated by fourth-order Her-
mite scheme (Makino & Aarseth 1992) and binaries are
treated using KS regularization (Kustaanheimo & Stiefel
1965; Mikkola & Aarseth 1993). We use the GPU cluster
SGI Rackable C1102-GP8 (Reedbush-L) in the Information
Technology Center, The University of Tokyo.
We did not assume the tidal effect. Our models collapsed
in < 2Myr and formed BBHs mostly within 100Myr. In such
a short timescale, the effect of tidal disruption is relatively
small. We performed simulation to 3Gyr.
2.3 Stellar evolution
The latest NBODY6 contains a stellar evolution model
(Hurley et al. 2000) with an updated mass loss model
(Belczynski et al. 2010). However, NBODY6++GPU does not
contain the updated model. We transported the updated
mass loss model from the latest NBODY6 to NBODY6++GPU and
use this model. The evolution of stellar radius, mass, lumi-
nosity and mass loss of each star can be calculated from
the initial stellar mass and metallicity. We set the stellar
metallicity to be 0.1 solar metallicity.
We switched off the velocity kick caused by asymmet-
ric supernovae explosion for fair comparison with previous
studies such as Banerjee (2018a), in which no natal kicks for
the neutron stars and direct-collapse BHs and kicks smaller
than the escape velocity are assumed. The number of ejected
BBHs is expected to be simply proportional to the ejection
rate due to the kick (Tanikawa 2013).
3 RESULTS
3.1 Properties of Ejected Binary Black Holes
In Figures 1 and 2, we present the distribution of eccentricity
(e) and semi-major axis (a) of BBHs ejected from our cluster
models A and B, respectively. The color of each point shows
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Table 1. The initial parameters of our models.
Mcl, ini[M⊙] Nini Nrun ρhm[M⊙pc
−3] rhm[pc] trh, ini[Myr]
Model A 2.5 × 103 4266 360 104 0.310 9.38
Model B 1.0 × 104 17064 90 104 0.492 31.6
Figure 1. The distribution of eccentricity and semi-major axis
of BBHs ejected from the star clusters for Models A. The color of
each point shows a M1 of BBH. The solid lines show TGW = 10 Gyr
with M1 = 15, 25, 35 and 45M⊙ in order from the left to right with
q = 0.5. The lower panel displays the close up view of a part of
the upper panel.
the primary mass (M1) of BBH. The solid lines show the
boundary where the merger time is equal to 10 Gyr when
the M1 is 15, 25, 35 and 45M⊙ in order from the left to right
with a mass ratio q = 0.5. Therefore, BBHs existing to the
left side from the solid line are expected to merged within
the cosmic age. The BBHs with TGW < 10 Gyr is showed
with star symbols in Figures 1 and 2. Detailed results on
merger time are described in the next subsection.
Based on the distribution of BBHs in Figures 1 and 2,
we divided the a – e space into three color shaded regions,
Figure 2. Same as Figure 1, but for Model B.
Region 1, 2 and 3. For Model A, Region 1, 2 and 3 are defined
by {(a, e) | a ≤ 100.75, e ≤ 0.15}, {(a, e) | a ≤ 100.75, 0.15 < e}
and {(a, e) | 100.75 < a}, respectively. For Model B, Region
1, 2 and 3 are defined by {(a, e) | a ≤ 101.25, e ≤ 0.15},
{(a, e) | a ≤ 101.25, 0.15 < e} and {(a, e) | 101.25 < a}, respec-
tively. The border between Region 2 and 3 is determined
by the difference in binary formation. BBHs in Region 2
are evolved from binaries of massive main-sequence stars or
giants via stable and unstable mass transfer evolution. On
the other hand, BBHs in Region 3 are formed via three-
body encounter of BHs. This border is not exact, because
the formation path is not clearly separated only by the or-
bital elements when the BBHs are ejected.
In the blue shaded region (Region 1) in the Figures 1
and 2, there are some harder BBHs. Several of such BBHs
MNRAS 000, 1–7 (XXXX)
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Figure 3. The schematic illustration of the formation process of BBH in our simulation. Depending on the formation process, the final
features of BBHs are classified into three groups shown by color shaded regions in Figures 1 and 2. MS in figure stands for main-sequence.
have shorter merger time than 10 Gyr. These BBHs formed
binaries during their main-sequence life-time, and therefore
they experienced common envelope evolution. As a result,
they have nearly circular orbits. Since these BBHs are very
tight, they behave as single stars. They interact with other
softer binaries and are ejected conserving their very small
eccentricity.
The fraction of such binaries increases as the cluster
mass decrease. This is because the relaxation time decreases
as the cluster mass decreases, if we fixed the half-mass den-
sity of the clusters. For the formation of these binaries, mas-
sive stars must form binaries before they evolve to BHs, i.e.,
the cluster have to reach core collapse before massive stars
evolve to BHs.
For stars with a mass of 100M⊙ , the main-sequence life-
time is ∼ 3.5 Myr (Hurley et al. 2000). The core-collapse time
of star clusters with a mass function is estimated by
tcc ∼ 0.07trh,ini, (6)
for the cluster with mmax/〈m〉 > 50 (Gu¨rkan et al. 2004;
Fujii & Portegies Zwart 2016). From this estimation, the
core-collapse time for our Models A and B are equal to
∼ 0.7 Myr and ∼ 2 Myr, respectively. Therefore, the core col-
lapse can occur before massive BHs formation for our cluster
models.
If such BBHs are not tight enough, they behave as a
binary. They experience three-body encounters and change
their eccentricities. These stars are located in the yellow
shaded region (Region 2) in Figures 1 and 2.
Most of the ejected binaries distribute the red shaded
region (region 3) in the figures. These binaries formed via
three-body encounters of BHs. Their eccentricity distribu-
tion is similar to the thermal distribution, although there
are statical fluctuations due to the limited number of runs.
The peak semi-major axis of binaries in this region shifts to
smaller as the cluster mass increases. This can be explained
as follows. In a cluster, a BBH becomes tighter through in-
teractions with other cluster stars. As a backreaction of the
tightening, the BBH itself and interacting stars get kick ve-
locity. When the kick velocity is larger than the escape veloc-
ity of a cluster, the BBH is ejected from the cluster. Hence, a
BBH tends to become tighter in a cluster with larger escape
velocity or larger mass.
3.2 Black hole mergers within a Hubble time
We calculate merger time using the equation
(Peters & Mathews 1963):
tGW =
5
256
c5
G3
a4
M3
1
q(1 + q)
g(e) (7)
∼ 1.2 × 104
(
M1
30M⊙
)−3 ( a
1 AU
)4 g(e)
q(1 + q)
Gyr, (8)
where
g(e) =
(1 − e2)3.5
1 + (73/24)e2 + (37/96)e4
. (9)
Here, c, G and q are light speed, gravitational constant and
mass ratio of BBH, respectively. Figure 4 shows the distri-
bution of merger time of ejected BBHs in our simulations.
In Table 2, we summarized the number of BBHs merged
within 10Gyr (hereafter, merging BBHs), and they are 36
and 15 for models A and B, respectively. The number of
merging BBHs per solar mass is calculated to be 4.0 × 10−5
and 1.7 × 10−5 for models A and B, respectively. In Table 2,
we also summarized the results of Rodriguez et al. (2016a),
in which a series of Monte-Carlo simulations was performed
for cluster models with a mass of ∼ 105M⊙ . If we compare
their model with an initial half-mass density comparable to
MNRAS 000, 1–7 (XXXX)
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Table 2. The number of binary black holes
Model A Model B Rodriguez et al. (2016a)
Mcl, ini[M⊙] 2.5 × 10
3 1.0 × 104 6 × 105
NBBH,esc per 9 × 10
5M⊙ 323 335 182–210
NBBH,esc(tGW < 10 Gyr) per 9 × 10
5M⊙ 36 15 65–81
– in Region 1 36 7
– in Region 2 0 3
– in Region 3 0 5
Mergers per solar mass [M−1⊙ ] 4.0 × 10
−5 1.7 × 10−5 7.2–9.2 × 10−5
For Rodriguez et al. (2016a), we choose models with a half-mass density comparable to our model (104M⊙pc
−3), and then, estimate the number of ejected
binary black holes from the minimum and maximum value of three different metallicity models (0.01, 0.05 and 0.25 solar metallicity). In Rodriguez et al.
(2016a), NBBH,esc(tGW < 10 Gyr) is the number of BBH merged by the present day.
Figure 4. The distribution of the merging time ejected BBHs in
each Region for Models A (top pnael) and B (bottom panel). The
red dashed line shows that tGW = 10 Gyr.
ours, the number of merging BBHs is 7.2–9.2 × 10−5M−1⊙ .
The number of merging BBHs per solar mass for our models
corresponds to ∼ 20–50% of the case of globular clusters.
Banerjee (2018b) also performed N-body simulations for
star clusters with a mass of ∼ 104M⊙ . The number of merg-
ing BBHs per cluster in their simulation is 0–4. The number
of mergers per stellar mass is calculated as ∼ 10−4, which is
an order of magnitude higher than ours, although the num-
ber of runs are quit few in their paper and the cluster den-
sity of their model is an order of magnitude lower than ours.
Another possible reason is that they include post-Newtonian
terms during their N-body simulations.
Thus, the merging BBHs originated from open clusters
is not negligible, if the mass fraction of low-mass star clusters
is enough large compared with that of globular clusters. In
the following, we estimate the merger rate density of BBHs
originated from open clusters.
Top panels of Figure 5 show the cumulative number of
merger (Nmerger,cum) as a function of time for Model A and B.
Solid lines show the results of our simulation. Dashed lines
are applied fitting to the solid lines using following function,
Nmerger,cum(t) = N0 ln
( t
τ
+ 1
)
, (10)
where N0 and τ are fitting parameters. As a results of fitting,
these parameters are determined as
N0 = 15.4
1
τ
= 0.79 Gyr−1
 for Model A, (11)
N0 = 3.2
1
τ
= 6.78 Gyr−1
 for Model B. (12)
The merger rates per cluster are
Γ(t) =
dNmerger,cum(t)
dt
×
1
Nrun
, (13)
therefore,
ΓA(t) ∼ 3.4 × 10
−11
[
0.79
(
t
Gyr
)
+ 1
]−1
yr−1, (14)
and
ΓB(t) ∼ 2.4 × 10
−10
[
6.78
(
t
Gyr
)
+ 1
]−1
yr−1, (15)
for Models A and B, respectively.
Using the obtained delayed time distributions, we cal-
culate the merger rate density in the local universe. We
assume that the number density of star clusters (ncl) fol-
lows a mass function with a power-low of −2, i.e., star
clusters with a mass of 103–104 M⊙ are 100 times more
populous than those with a mass of 105–106 M⊙ . Since
the globular cluster survive until the present day, the
number density of globular clusters (nGC) is observed
as 8.4h3 Mpc−3 (Portegies Zwart & McMillan 2000) and
0.77Mpc−3 (Rodriguez et al. 2015). For comparison with
MNRAS 000, 1–7 (XXXX)
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Figure 5. Delayed time distribution of merged BBHs. Top panels show the cumulative number of merged BBHs as a function of time for
Models A and B. The solid lines show the results of our simulation and the dashed lines show the fitted lines with equation 10. Bottom
panels show the merger rate per cluster for Models A and B.
previous studies we adopt nGC = 0.77Mpc
−3. The typical
mass of golubular clusters is 105–106M⊙ , we can assume that
ncl = 100nGC for our models. If we assume that all clusters
are 10 Gyr old, the merger rate density in the local universe
is described as Γ(t = 10 Gyr) × ncl. The resulting merger rate
density are 0.29 and 0.27 yr−1Gpc−3, for models A and B,
respectively.
On the other hand, the merger rate density of globu-
lar clusters was estimated to be ∼ 5 yr−1 Gpc−3 in the lo-
cal universe (redshift z < 0.5) (Rodriguez et al. 2016c,a).
Therefore, the merger rate density of with a mass of 103–
104M⊙ corresponds to ∼ 5% of globular clusters, although
our method for estimating the merger rate density may be
different from that in Rodriguez et al. (2016c,a).
3.3 Mass ratio of merging black hole binaries
In Figure 6, we present the mass ratio (q) of merging BBHs.
In previous studies of merging BBHs ejected from globular
clusters, the mass ratio is distributed in q > 0.5 (Tanikawa
2013; Rodriguez et al. 2016b). In Model A, however, the
mass ratio q decreases with the primary mass (M1) increases.
This is due to the low cluster mass of Model A. We allowed
to assigned a massive mass randomly up to 150M⊙ following
an IMF. Because of this setting, the maximum mass ratio of
BBHs, which can be formed in the cluster, is sometimes less
than 0.5, even if the most and second massive stars form a
binary.
4 CONCLUSION
We performed a series of direct N-body simulations of open
clusters with a mass of 103–104M⊙ . The number of mergers
per solar mass obtained from our simulations are 4.0 × 10−5
and 1.7 × 10−5M−1⊙ for star clusters with a mass of 2.5 × 10
3
and 1.0×104M⊙ , respectively. This corresponds to ∼ 20–50%
of the number of merging BBHs per solar mass originated
from globular clusters.
The mergers per solar mass increased as the cluster
mass decreases. This is because in less massive clusters,
core-collapse time is shorter, and therefore massive main-
sequence binaries can form before they evolve to BHs. These
binaries experience stable and unstable mass transfer evo-
lution and form hard binaries with nearly zero eccentrici-
ties, which can merge within the Hubble time. The fraction
of merging BBHs through this path becomes larger as the
cluster mass decreases.
Assuming that the initial mass function of star clus-
ters follows a power-law of −2, the contribution of merg-
ing BBHs originated from open clusters is estimated to be
∼ 0.3 yr−1 Gpc−3.
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